Introduction
It was shown by SJ Pride In [1] this result was extended to a finitely presented semigroup S , that is def S (S) ≥ rank(H 2 (S)) where H 2 (S) is the second integral homology of S 1 , the monoid obtained from S by adjoining an identity if necessary, and def S (S) = min{| R | − | A | : ⟨ A | R ⟩ is a finite semigroup presentation for S}.
Moreover, it was shown that the n th integral homology of a semigroup with a left or a right zero is trivial for n ≥ 1 (see also [8, Lemma 1] ), and the second integral homology of a finite rectangular band R m,n of order mn is Z (m−1)(n−1) . A finite semigroup S is called efficient as a semigroup if def S (S) = rank(H 2 (S)) , and inefficient otherwise. The efficiency and inefficiency of a finite monoid are defined similarly. The first examples of efficient and inefficient semigroups were given in [1] , which showed that finite zero semigroups and finite free semilattices are inefficient, and finite rectangular bands are efficient. More examples of efficient semigroups can be found in [2, 3, 4, 5, 6] .
It was shown in [2] that the second integral homology of a finite Rees matrix semigroup M[G; I, Λ; P ]
(finite simple semigroup) is H 2 (G) × Z (|I|−1)(|Λ|−1) by using the Squier resolution (see [12] ). In this paper, we also use this resolution to compute the second integral homology of the Schützenberger product of two finite monoids. We show that, for two finite monoids S and T , * Correspondence: ltanguler@cu.edu.tr 2010 AMS Mathematics Subject Classification: 20M05, 20M50.
and it follows from [3, Equation (1) ] that H 2 (S3T ) = H 2 (S × T ). Moreover, we consider the efficiency of S3T and conclude that, if there is no left or right invertible element in both S and T , then S3T is inefficient.
Preliminaries
Since the Squier resolution given in [12] is defined by using a presentation in which the set of relations is a uniquely terminating rewriting system, we give some elementary concepts about rewriting systems.
Let A be an alphabet. We denote the free semigroup on A consisting of all nonempty words over A by Let ⟨A | R⟩ be a presentation for a monoid S in which R is a uniquely terminating rewriting system on A . Also, let ZS denote the monoid ring of S with coefficients in Z . In [12] Squier defined the free resolution of Z as follows:
where P 0 is the free ZS -module on a single formal symbol [ ] and the augmentation map ε :
is the free ZS -module on the set of formal symbols [a] for each a ∈ A and the map 
and the map ∂ 3 : P 3 −→ P 2 is defined by
Squier showed that P 3
is an exact sequence if R is a uniquely terminating rewriting system and we assume that for each word w ∈ A * , the chosen relation chain from w to the irreducible form of w consists of reductions only; that is, if (r, s) ∈ R , then (s, r) / ∈ R .
If we apply the tensor product Z ⊗ ZS − to the resolution of Z given above, we obtain the chain complex of abelian groups 
With this notation we have the following immediate result: 
Lemma 2.2 ([3, Lemma 3.1]) If a monoid S has a presentation ⟨A | R⟩ such that R is a uniquely terminating rewriting system on A , then
H 1 (S) = H 1 (G) = G/G ′ = ⟨A | ∑ a∈A (∥r∥ a − ∥s∥ a )[a] = 0 ((r, s) ∈ R)⟩,⟨[A, B] | ∑ a∈A (∥r∥ a − ∥s∥ a )[ab, ba] = 0 (b ∈ B, (r, s) ∈ R) ∑ b∈B (∥u∥ b − ∥v∥ b )[ab, ba] = 0 (a ∈ A, (u, v) ∈ Q)⟩, where [A, B] = {[ab, ba] | a ∈ A, b ∈ B} .
The second integral homology of the Schützenberger product of monoids
Let S and T be two finite monoids, and let P(S × T ) denote the set of all subsets of S × T . Now we define the sets sX = {(sx, y) : (x, y) ∈ X} and Xt = {(x, yt) : (x, y) ∈ X}, where X ∈ P(S × T ), s ∈ S , and t ∈ T . Then the set S × P(S × T ) × T is a monoid, denoted by S3T and called the Schützenberger product of S and T , with identity (1 S , ∅, 1 T ) by the multiplication
If S is a finitely presented monoid then it is clear that S is linearly ordered by considering the lengthlexiographic ordering. In this section we consider that the monoids S and T are well ordered. Moreover, the direct product S × T is also linearly ordered, with the ordering (s, t)
If the monoid presentations ⟨A | R⟩ and ⟨B | Q⟩ (A and B are distinct) define the monoids S and T , respectively, then the presentation ⟨A ∪ B ∪ C | R ∪ Q ∪ Z⟩ where C = {c s,t : s ∈ S, t ∈ T } and
defines S3T in terms of the generating set where w 1 , w 2 , and w 3 are reduced words in B , C , and A , respectively. It is also clear that R ∪ Q ∪ Z is terminating and reduced. The overlaps are: s,t c s,t , c s,t ), (c s,t c s,t , c s,t ) ], 
Now it follows from Lemma 2.1 that R ∪ Q ∪ Z is confluent and so a uniquely terminating rewriting system. 2
Theorem 3.2 If S and T are two finite monoids, then
Proof We consider the uniquely terminating rewriting system R ∪ Q ∪ Z on A ∪ B ∪ C given in Lemma 3.1 and the chain complex (1) arising from it.
Before we compute the second integral homology of S3T , that is H 2 (S3T ) = ker∂ 2 /im∂ 3 , we assume that H 2 (S) = ker∂ 2 |S /im∂ 3 |S and H 2 (T ) = ker∂ 2 |T /im∂ 3 |T where ker∂ 2 |S , im∂ 3 |S , ker∂ 2 |T , and im∂ 3 |T are the free abelian groups on {X i : i ∈ I} , {Y j : j ∈ J} , {U k : k ∈ K} , and {W l : l ∈ L} (which are found by using the Squier resolution), respectively. Now we find a generating set for the free abelian group im∂ 3 by using the overlaps in the proof of Lemma 3.1. We compute the following. 
where a ∈ A , b ∈ B , s, s ′ ∈ S , t, t ′ ∈ T , (ra, p) ∈ R , and (bu, v) ∈ Q. Then we show that the set
is a generating set for the free abelian group im∂ 3 as follows. 
Next we find a generating set for ker∂ 2 . Since any α ∈P 2 has the form where all the coefficients are integers, then α ∈ ker∂ 2 if and only if
From the first two equations given above we obtain the generators {X i : i ∈ I} and {U k : k ∈ K} for ker∂ 2 |S and ker∂ 2 |T , respectively. Now we concentrate on the last equation. By rearranging it, we have
for each (s, t) ∈ S × T . For fixed α (a,s,t) , we assume that α (a,s,t) = 1 and all the other variables on the right-hand side of Equation (2) are zero, and so we obtain α (s,t) = −1 and α (as,t) = 1 . Thus, we have the following generators: 282], the result in the last theorem is perhaps not surprising.
Remark
In [1, Theorem 3.3] it was shown that if A is a finite nonempty set of size n, then def S (SL A ) = n(n − 1)/2,
and for n ≥ 2 SL A is inefficient, where SL A is the set of all nonempty subsets of A with set-theoretic union as multiplication.
For convenience, first we state a probably well-known lemma that can be proved easily. It is clear that U is a subsemigroup of S3T and isomorphic to the free semilattice SL S×T . Moreover, V is an ideal of S3T . It follows from Lemma 4.1, Equation (3), and Theorem 3.2 that S3T is inefficient. 2
